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Abstract 

We construct the interaction terms between the world-volume fields of multiple M2- 
branes and the 3- and 6-form fields in the context of ABJM theory with U(7V)xU(iV) gauge 
symmetry. A consistency check is made in the simplest case of a single M2-brane i.e., 
our construction matches the known effective action of M2-brane coupled to antisymmetric 
3-form field. We show that when dimensionally reduced, our couplings coincide with the 
effective action of D2-branes coupled to R-R 3- and 5-form fields in type IIA string theory. 
We also comment on the relation between a coupling with a specific 6-form field configuration 
and the supersymmetry preserving mass deformation in ABJM theory. 
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1 Introduction 

Recently, the Lagrangian descriptions of multiple M2-branes were found in the low energy limit, 
which are the Bagger-Lambert-Gustavsson(BLG) theory [Tj, [2] and the Aharony-Bergman-Jafferis- 
Maldacena(ABJM) theory [3J. The BLG theory, which is equivalent to the ABJM theory with 
SU(2)xSU(2) gauge group [I], has = 8 supersymmetry and it is an effective theory of two 
M2-branes. The ABJM theory with U(A)xU(A) gauge group has M = 6 supersymmetry and 
it describes the dynamics of N parallel M2-branes sitting at the singularity of a space with 
orbifold, where k appears as the Chern-Simons level in the theory. 

Low energy dynamics of D-branes is also depicted by supersymmetric gauge theories, i.e., it 
is the Dirac-Born-Infeld(DBI) action or the super Yang-Mills theory to the leading order in a'- 
expansion. In addition, D-branes can couple to the bulk supergravity fields. The bosonic bulk 
fields include R-R form fields, which couple to the D-branes through Wess-Zumino(WZ)-type 
action [21 El E]- In the case of single Dp-brane, the WZ-type coupling is only to the R-R form 
fields of rank p + 1 or less. For multiple Dp-branes the action can include the couplings to all 
kinds of R-R form fields [7] . 
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Analogous to the WZ-type coupling of D-branes in string theory, in M-theory, the M2- and 
M5-branes couple to the 3- form and dual 6-form fields in 11- dimensional supergravity. According 
to the recent development of the world-volume theories for multiple M2-branes, the coupling of 
M2-branes to the bulk form fields were discussed in the context of both the BLG theory [HI [91 [10] 
and the AB JM theory [TTJ [12] . For arbitrary iV stacked M2-branes the analyses have been made 
in the restricted context: Ref. [11] dealt with the coupling with constant form fields which survive 
in the infinite tension limit of M2-branes and Ref. [T2] considered only the case of single M2-brane. 
Along this line it is timely to study the coupling of N M2-branes to the bulk form fields which 
have arbitrary dependence on the transverse scalar fields. 

In our previous paper [TO], we discussed the coupling between M2-branes and the bulk form 
fields in BLG theory with the aforementioned general setting. After the compactification pro- 
cedure of Mukhi-Papageorgakis (MP Higgsing procedure) [T3J E], we verified that our proposal 
reproduces the R-R form field couplings to D2-branes as well as the linearized DBI action in type 
IIA string theory. In this paper we naturally generalize our previous construction to multiple 
M2-branes of arbitrary N, described by the ABJM theory with U(iV) xU(iV) gauge symmetry. 
Guided by gauge invariance, we propose a general form of WZ-type coupling. In our proposal the 
form fields can carry gauge indices since we assume that the form fields depend on the transverse 
scalar fields in (anti)bifundamental representations of the gauge group. Since M-theory provides 
no direct guiding principle for the WZ-type coupling, there seems no compelling reason to restrict 
the form fields to be antisymmetric in the global indices. Reflecting consistency with the known 
WZ-type couplings of type IIA string theory after the MP Higgsing, one can constrain the M- 
theory form fields to appropriate forms. To be specific, we impose some appropriate constraints 
to the 3- and 6-form fields in M-theory and obtain the relations among these form fields and the 
R-R and NS-NS form fields in type IIA string theory. These constraints lead to the antisymmetric 
property of the form fields and the symmetrized matrix products in the resulting WZ-type cou- 
plings [7] of type IIA string theory. A byproduct is the generation of the linearized DBI action of 
multiple D2-branes, where the gauge field strength F^ u and the NS-NS 2-form field B^ IU appear in 
the gauge- covariant combination, F^ u + 2~^jB^ u . 

The MP Higgsing for the WZ-type coupling of the 3-form fields is completely carried out, 
however the corresponding procedure for the case of the 6-form fields is performed only up to the 
quadratic order terms in Planck length. For the cubic order, there are too many possible terms 
which appear in the MP Higgsing procedure and this makes the derivation of explicit relations 
between the R-R 5-form fields and the 6-form fields complicated. We do not carry out the reduction 
procedure for this order terms, rather we guess the expected couplings from the results of the lower 
order terms in Planck length. 



3 



This paper is organized as follows. In section 2, we propose the general structure of the coupling 
between multiple M2-branes and the bulk form fields. In section 3, we compare the proposal with 
the well known coupling for the case of a single M2-brane. In section 4, we check our proposal 
by taking the reduction to type IIA string theory, via the MP Higgs mechanism. In section 5, 
we establish the relation between our WZ-type coupling and the supersymmetry preserving mass 
deformation in ABJM theory. Section 6 is devoted to conclusion and discussion. 



2 Couplings between M2-branes and Form Fields 

Low energy effective world- volume theory of the stacked N parallel flat M2-branes is described by 
the ABJM action. Its bosonic sector contains two gauge fields, and A^, of U(A r ) xU(A r ) gauge 
symmetry and four complex scalar fields Y A , (A = 1, 2, 3, 4). The real and imaginary components 
of Y A represent the eight transverse directions X 1 , (/ = 1, 2, 8), 

Y A = X A + iX A+4 . (2.1) 

The scalar fields are in the bifundamental representation of the U(7V) xU(iV) gauge symmetry 
while the gauge fields A^ and A^ are in the adjoint representations of the left U(A r ) and the right 
U(iV) gauge symmetries, respectively. Including the gauge indices we can write the bosonic fields 

as 

(40* (A,)% {Y A )\ (Y\f a . (2.2) 

Low energy effective description of M-theory is known to be the 11-dimensional supergravity 
for which the bosonic fields are graviton gMN, 3- form C(3), and 6- form C(6) fields. Those form 
fields can interact with the world- volume fields through pull-back. The corresponding interactions 
in 10-dimensional type II string theories are described by WZ-type couplings 0,0,(7]. However, 
in the scheme of M-theory, the form of such interaction is not yet known except in BLG theory 
with SU(2) xSU(2) gauge symmetry [HI HQ] and ABJM theory with constant form fields [IT]. In 
this section we naturally extend the results in [10] to the case of ABJM theory with U(iV) xU(iV) 
gauge symmetry. 

We start with a general gauge-invariant couplings of 3-form fields to multiple M2-branes. In 
analogy with the WZ-type couplings in type II string theories we restrict the couplings to terms 
which are linear in the form fields. Our proposal for the 3-form fields action is 

4 3) = /x 2 J d 3 x ^ vp {Tr} [C w + 3XC^ A D p Y A + 3X 2 (C MB D v Y A D p Y B + C„ AB D„Y A D p Yl) 

+ \\C ABC D p Y A D v Y B D p Y c + C AB cD^Y A D u Y B D p Y ] c ) + (c.c.)l , (2.3) 
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where /i 2 is M2-brane tension, A = 2i\l^ 2 with Planck length /p, and {Tr} represents all possible 
contractions of gauge indices among the 3-form fields and transverse scalars, which give single 
traces!* The covariant derivative is 

D fl Y A = d fl Y A + iA„Y A - iY A A fl . (2.4) 



In each term the dependence of the pull-back of the 3-form field on Y A and Y\ should be chosen 
in such a way that the term contains equal number of bifundamental and antibifundamental fields 
so that the action keeps manifest gauge invariance. The gauge invariance is achieved if we assume 
that the pull-back of the form fields can have multiple non-Abelian gauge indices which are allowed 
only through their functional dependence on the transverse scalars. This assumption is motivated 
by the analogy with R-R form field couplings to multiple Dp-branes in string theory [7], where 
the pull-back of the R-R fields are defined by just replacing the transverse coordinates with the 
transverse scalar fields. In the latter case, the dependence of the transverse scalars in the the 
pull-back of the R-R fields was obtained by performing the non-Abelian Taylor expansion [7j. For 
instance for a rank n R-R form field it can be written as 

P(C {n) )(X) = C (n) (0) + X%C {n) (0) + ^xWdidjCwiO) + • ■ ■ , (2.5) 

where the product among X l, s is a matrix product. The expansion contains uncontracted gauge 
indices and, in the coupling between the Dp-branes and the R-R fields, the gauge trace is taken 
including the pull-backed R-R form fields. This procedure was confirmed to leading order by 
examining string scattering amplitudes [T5j . 

In order to clarify the meaning of {Tr} we present some terms in the action (12. 3p including 
the gauge indices explicitly, 

{Tr} (C, uA D p Y A ) = {C puA f a {D p Y A )\, 
{Tr}(C pAB D u Y A D p Y B ) = (C pAB ):l(D u Y A r & (D p Y B )% 
{Tr}{C pAB D u Y A D p Y^) = (C pAB f a l(D u Y A )\(D p Y^ b b , 
m(C ABC D p Y A D u Y B D p Yi) = {C ABC )il{D p Y A )\{D u Y B )\{D p Y^ cl 
{Tr} (C ABC D,Y A D v Y B D p Y c ) = {C ABC )f c {D,Y A )\{D v Y B )K h { Dp Y c )%. (2.6) 

In order to understand this gauge index structure let us take into account the Taylor expansion 
for the pull-backed form fields in the context of M-theory. Due to the gauge invariance and the 



1 In our convention the unbarred global indices A,B,C, ■ ■ ■ of the form fields are contracted with those of bifun- 
damental scalar fields while the barred global indices A, B, C, ■ ■ ■ are contracted with those of antibifundamental 
scalar fields. The unbarred indices are always located to the left of the barred ones. 



5 



single traceness of the corresponding coupling, possible terms in the Taylor expansion for the form 
fields are restricted. As an example, we expand C^ab in terms of the transverse scalar fields, 

k A b):i =c, AB (ow b a + d c d D c, AB my ] c y D f/a + d c d D c„ AB wt{y c yh) b a + ■■■, m 

where the form fields and their derivatives are functions of the worldvolume coordinates but do not 
depend on the transverse scalar fields. After being pulled-backed to the worldvolume, uncontracted 
gauge indices appear in the right-hand side of (12.71) due to their dependence on the transverse 
scalar fields. This clearly verifies that Taylor expansion of the form fields generates non-Abelian 
structure even though the bulk form fields themselves do not carry non-Abelian gauge indices. 
The same procedure can be applied for the other pull-backed 3- and 6-form fields in order to 
understand the non-Abelian gauge index structure. 

From now on let us turn to the WZ-type coupling between M2-branes and 6-form fields. Along 
the same line with the 3-form coupling, imposing the gauge invariance and allowing only single 
trace couplings, the most general 6-form field coupling which is linear in the 6-form fields is given 
by 

Sc^ = /4 J d^x —e^ vp {Ti} (c 'nvpABd^c + 3A(C '^abcd® py A ^ B D ^ ^ ^vAbcdD p Y^f3 AB ^j 

+ 3A 2 (CpABCDEDvY A D p Y B f3 c E ° + C ^aBCDeDuY A D pYpP^ + CpABCDEDuYcDpY B (3 AB ) 

+ ^ {C ABCDE pD pY A D V Y B D P Y C f3 D p + C A bcdefDpY a D u Y b D p Y B j3 C p 

+ C A BCDEFDpY A D u YlDpY^ + C^cespD^D^D.Y^) + (c.c.)) , (2.8) 

where fi' 2 = t\^2, t is a dimensionless parameter which will be fixed after reduction to type IIA 
string theory, and (5 AB = ^(Y a YqY b — Y b YqY a ). We assumed that apart from their appearance 
in the covariant derivatives, the transverse complex scalar fields explicitly enter the action only in 
terms of this specific cubic product f3 AB and its complex conjugate. This assumption is motivated 
by the fact that B and its complex conjugate appear in the sextic potential of ABJM theory. 
Actually f3 B corresponds to three commutator in hermitian 3-algebra formulation of the ABJM 
theory |16j. 

For every term in the action (12. 8p the contraction of gauge indices is performed as was done 
for the 3-form field coupling in (12. 6p . For instance, 

C abcdefD pY c D v Y D D p Y E f3 AB 

= {C A BCDEF)tdi D ^ct(D v Yl)l{Dp^ (2.9) 

Furthermore we should restrict the form field as in (12 .7p in order to obtain single trace couplings. 
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It is not easy to show that the actions in (I2.3P and (12.81) are invariant under gauge transfor- 
mation of the 3- and 6-form fields C( n ) — > C( n ) + <iA(„_i) due to the non-Abelian structure of the 
coupling. As was proven in the case of R-R fields in string theory [I7J [18], this issue of gauge 
invariance will be addressed through further study [19]. 



3 Consistency Check for Single M2-brane 

In this section we will test our proposal in the previous section by comparing with the well known 
effective action of a single M2-brane in the presence of 3-form field C mnp . The effective action is 
given by [20] 

Sii = J d 3 a^/-det(d,x™d u x n g mn ) + ^ J d 3 ae^C mnp d,x m d u x n d p x p , (3.1) 

where x m (m,n,p = 0, 1, 2, 10) are the 11-dimensional spacetime coordinates, are the 3- 
dimensional world- volume coordinates, and g mn is 11-dimensional metric. For a single static flat 
M2-brane in flat (l+2)-dimensional spacetime and in an M 8 /Zfc orbifold for the transverse space, 
we locally have g mn = r\ mn . Choosing a static gauge cr M = x^ and regarding the 8 transverse 
coordinates as the 8 transverse scalar fields x 1 = XX 1 , the 3-form field coupling in (13.11) can be 
rewritten as 

^ J d?xe^ (C^p + ZXC^dpX 1 + ^Cpud^dpX 3 + X'CuKdpX'd^dpX^ . (3.2) 

If we compare the obtained action (13.21) with the action (12. 3j) and (12. 8p for a single M2-brane, they 
look different at first glance. However, we will show that one exactly coincides with the other. 
We can also show that (13.21) is invariant under the Abelian gauge transformation of 3-form field 

as C( 3) C( 3 ) + dA (2 ). 

First of all, if we restrict ourselves to the U(l) xU(l) case of the actions (I2.3P and (12.81) . {Tr} 
becomes trivial due to the Abelian nature. Noticing that the complex scalar fields commute with 
each other, all the terms involving the 6-form field are vanishing. Therefore the total action with 
U(l)xU(l) symmetry is obtained only from the action (12.31) . Secondly, we note that the action 
(12.31) involves U(l)xU(l) gauge fields, while the action (13. 2p does not. Dynamics of the gauge 
fields is governed by the Chern-Simons action in the ABJM theory, 

S cs = J d?x^-e^(A,d u A p - Apd„Ap), (3.3) 

and the matter fields couple to the gauge fields only through the covariant derivative (12. 4p . If we 
introduce as 



Aj = i(^±i M ), (3.4) 
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then the Chern- Simons term (I3.3P is rewritten as 

Scs = J d 3 x^e^A+F~, (3.5) 
where F~ v = dpA~ — d v A~. The covariant derivative contains only A~, 

DfjY A = d^Y A + 2iA~Y A . (3.6) 

The U(l) gauge field A^ is an auxiliary field which does not couple to any matter fields and its 
equation of motion is F~ = 0. This makes the other U(l) gauge field A~ a pure gauge degree. If 
we are interested in the physics blind to the orbifold structure, every covariant derivative can be 
replaced by an ordinary partial derivative through a gauge transformation and consequently both 
U(l) gauge fields completely decouple from the action (12. 3p . 

Finally, we see that in (I2.3P the transverse scalar fields Y A are complex, while in (13. 2p the 
transverse scalar fields X 1 are real. Similarly, the 3-form fields C(3) are complex, while (7(3) are 
real. Therefore, in order to complete the matching between the actions (I2.3P and (13. 2p we relate 
the complex and real scalar fields as in (12. ip . which leads to the following identifications among 
complex and real 3-form fields: 

C p U p = Cpvp, Cp U A = 2 {CpuA iC ' pi/A+i) i 

CpAB — -^(CpAB — iCpA+AB ~ iC pAB+A ~ C pA+iB+i) , 

CpAB = ^ ipfiAB — iCpA+4B + iCfj.AB+4 + C pA+AB+i) , 

iC AB+AC — iCABC+4 
— Ca+AB+AC + iCA+AB+AC+i) ■ 

ICab+ac + ^Cabc+a 

+ Cab+ac+a + Ca+abc+a — Ca+ab+ac — ^Ca+ab+ac+a), (3.7) 

and their complex conjugates. Through these identifications, the action in (12. 3 p exactly coincides 
with (13. 2p . This simple case supports the validity of the proposed actions in (12.31) and (12. 8p . 
however we need further check for the general U(iV) xlJ(iV) case in the subsequent sections. 

Note that our result contains that of [12] as a particular case, where only C^ab an d its complex 
conjugate are taken into account. Since those specific components do not carry orbifold charge 
(the charge with respect to A~), they could be regarded as functions on the orbifold. In fact 
(7(3) is a differential form, and then each component of it should be regarded as a section on the 
orbifold rather than a function. This allows us to take into account all components of even 
after orbifolding. 



Cabc 


- - {Cabc - 


iCa+abc — 




— Cab+ac+a 


— Ca+abc+a 


Cabc 


= g {Cabc ~ 


^Ca+abc ~ 
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4 Reduction from M-theory to IIA String Theory 



In section |5] we constructed the WZ-type action, (I2.3P and (12.81) . describing the couplings between 
the world-volume fields on multiple M2-branes and the bulk form fields. Our proposal for these 
couplings is guided by gauge invariance and analogy with the coupling of D-branes to the R-R form 
fields in type II string theories j5j El [7J. However, for the effective theory of multiple M2-branes 
there is no known guiding principle on the general form of coupling between the world-volume 
fields and the bulk form fields. On the other hand, in type II string theories, the coupling between 
the R-R form fields and the world-volume fields of D-branes is restricted by consistency with 
T-duality. Therefore, in order to test the consistency of our proposal, we will compactify our WZ- 
type action in (12. 3p and (12.81) and then we will compare with the corresponding WZ-type action in 
type IIA string theory. We first study the simplest case of ABJM theory with U(l)xU(l) gauge 
symmetry, and then generalize to the case of U(iV) xU(iV) gauge symmetry. 

4.1 U(l)xU(l) gauge symmetry 

In type IIA string theory the bosonic part of the effective action for a single Dp-brane is^| 

Sio = Sdbi + S 6 . (4.1) 

Sdbi is the Abelian DBI action and is the Abelian WZ-type coupling, which is given by [7J 

Se = lh[ HEA^le^), (4.2) 



P+i 

2 



where /i p is the R-R charge of the Dp-brane, A = 2nl^ is the string scale, B is the NS-NS 2-form 
field, F = dA is field strength of the U(l) gauge field A of the D-brane, and P[...] is the pull-back 
on to the D-brane world-volume. For later convenience we expand this action explicitly for p = 2 
and (7(3), omitting couplings to other fields, 

+ x 3 c ijk b l ,x i b 1 ,x j b p x k + ...), (4.3) 



where X 1 (i — 1, 2, 7) are seven transverse scalar fields with D^X 1 = d^X 1 . 

We note that in the U(l) xU(l) case the scalar fields Y A commute with each other. As a result 
the three commutator /3 A q is vanishing and hence the couplings to the 6-form field are zero. In 
addition, the 3-form field should be antisymmetric in all its global indices. To compactify one 



2 We put tildes for the fields and the parameters in string theory. 
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direction transverse to the M2-brane, we apply the MP Higgsing procedure [13] to (12. 3p . To that 
end we turn on a vacuum expectation value (vev) for the complex scalar Y 4 as 

Y 4 = - + X 4 + iX 8 , (4.4) 

while the remaining 3 complex scalars have vanishing vev, 

Y a = X a + iX a+4 , (a = 1,2,3). (4.5) 

Here the 8 real scalar fields, X 1 = X 1 (I = 1,...,8), stand for 8 transverse directions. The 
nonvanishing vev breaks the U(l)xU(l) gauge symmetry to the diagonal U(l). Then we take the 
double scaling limit of infinite vev v and the Chern-Simons level k, keeping v/k finite. In this 
limit the gauge field A~ becomes nondynamical while will be a dynamical gauge field. Using 
(13.41) . the covariant derivatives of the transverse scalar fields (12.41) can be written to the leading 
order in v as 

DfjY 4 = d p X 4 + ivA~, D p Y a = d p X a + id p X a+4 , (4.6) 

where we have chosen unitary gauge for the field A~, A~ — ^d^X 8 — > A~. 

Next we need to relate the 10-dimensional real 3- form fields with the 11-dimensional complex 
3-form fields. For the first term in ( 12. 3 p this relation is obvious and is given by 

C pup = C pvp + C^ up . (4-7) 

To find the relations for the remaining terms we plug (14. 6p into the action (12. 3p . Then from the 
second term in (I2.3P we have 

C pvA D p Y A + c.c. = (C pu4 + Cl u4 )d p X 4 + iv{C^ - C\ V ^A- 

+ (C pua + C^ ua )d p X a + i(C pua — C pva )d p X a+4 
= C pui d p X' + vB pu A;, (4.8) 

where we have made the following identification of the R-R 3-form field and the NS-NS 2-form 
field in 10-dimensions, 

Cpua = (C pua + C^ va ), C pu i = {C pv /± + C^), 

C^ua+i = i(C pua — C^ va ), B pv = %{C pv ^ — C pv \). (4-9) 
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Similarly, from the third and fourth terms of the action (I2.3P we get 



— e pvp {[—CfjM - C^ m + 2C pa4: + 2C^ a4 + C paA + Cj iai )d u X a d p X 4: 

+ «(-C M 4a + + 2C^a4 - 2C^ a4 + C^i - <%X 4 <9 p X a+4 

+ iv(Cfj,4a — C p4a — 2C Ata 4 + 2(7^4 + — C^)^.^ <9 p X a 

+ u (C^4a + C/La + 2C Mo4 + 2(7^ — C '^4 — Cj iai )A u d p X a+4 

+ 2zv(C,4i - C\^A-d p X' + (C Mo6 + + C Ma - b + C^RX a «9 p X fe 

+ i>(ZC pab - 2C^ a6 - + - + C flba )d l/ X a d p X b+4 

= e^ p (p^X'dpP + vS^^') . (4.10) 



The last step means we have made the identification of C^j and as 



e pup [C pAB D u Y A D p Y B + C flA§ D u Y A D p Y 1 



+ c.c. 




(4.11) 



For the last two terms of the action (12.31) . we have 



e pup (C ABC D p Y A D v Y B D p Y c + C ABC D p Y A D u Y B D p Y c 



+ c.c. 



e^ p [C ijk dp t X%X j d p X k + vB^A-d^dpX 3 



(4.12) 
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where as usual we made the following identification of the 10-dimensional form fields 

B a A — —HiflaAA ~ ^44 )j -^4a+4 = ~ 2(C a4 4 + ^44 )' 
B a b = 2(3C a 64 — 3C afe4 + 2C a ^4 — 2C^ 4 — C a 54 + C^), 
-Bafe+4 = — 3C 4a 6 — 3(7 afe4 + C a; ,4 + + C a 5 4 + C^ 4 + C(,a4 + Cfea4' 

-B a+4fe+4 = i(— 3C a64 + 3C ofe4 + 2C a 5 4 — 2C^ 4 + C ah \ — C a64 ), 

C a b4 = g(3CW + 3C] M + 2C a j 4 + 2C^ 4 + C ab 4 + C] fe4 ), 

CaAb+4 = -(— 3C 4a b + 3(7^ — C a6 4 + C^g + C a ^ 4 — C^ 4 + C\, ai — Cl M ), 

C4a+4&+4 = -(— 3C a 64 — 3C^ M + 2C a g 4 + 2C^ 4 — C ab i — C^), 



Cobc — {C a bc + ^afec ^a&c + C, 



abc)i 



Cabc+4 — g(3C afec — 3C^ 6c — C a 6c + Cl bs — C acb - + (7^ — C cba + C] te ), 



Cab+Ac+i — g( — 3C a 5 c — 3C a6( , + 2C a hc + 2C a6g + C c ha + C,jba)' 

C*a+46+4c+4 = ^( — C a £, c + C a & c + C a f,c ~ C^g)- (4-13) 

Collecting all the terms, we obtain 

S e = frj d 3 x ^ wp [C^p + 3A(C' Ml/i ^X i + u^A;) + 3A 2 (C7 w ^X i a p X J + vB^A'd^) 

+ x 3 (c ijk d l ,x%xw p x k + us^^x*^')] • ( 4 - 14 ) 

Next we integrate out the auxiliary field A~. In order to do so, we should take into account the 
bosonic part of the original U(l)xU(l) ABJM action. After the MP compactification procedure, 
the leading order in v of the ABJM action takes the following form, 

J d 3 x ( - DpX'DPX* - v 2 A~A~ fl + A e pvp A~F v ^ + 0(1), (4.15) 

where F^ u = d^A+ — d u A^. The equation of motion for the auxiliary field A~ can be obtained 
from the variation of (I4.14p and (14.151) . Solving this equation of motion to the leading order in v 
expresses the auxiliary fields in terms of dynamical fields as 

A ~> = i^ p (^+^T p M = 2^<i h > + i p[S - ] Y (416) 

where 

271V 2 ~ 2 

5ym = £ s = A = 2tt/ s (4.17) 
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with /i 2 A = l/2irlp 2 and lp = gi'^ls- For dimensional reason we also rescale the scalar fields as 
— )■ Substituting A~ into the actions (I4.14p and (14.151) . and rearranging the terms, we 

obtain 



1/3 



S 



10 



a 



fiup 



ZXC^dpX 1 + Z^C^dvX'dpXi + \ 3 C ijk d lt X%X*d p X k 



+ 



9ym 1 



d^x 1 d»x 1 -^(f^ + Ip[b^ 



(4.18) 



As anticipated, the reduction to 10-dimensions results in the linearized DBI action and the coupling 
of the R-R 3- form field to D2-brane (Oj) . 



4.2 U(iV)xU(iV) gauge symmetry 

In the pervious section we have verified that, when compactified to 10-dimensions, the U(l)xU(l) 
ABJM theory coupled to the 11-dimensional 3-form field gives rise to the theory of a single D2- 
brane coupled to the 10-dimensional R-R 3-form field and the NS-NS 2-form field. In this section 
we will extend this procedure to the case of non-Abelian gauge symmetry. In particular we will 
consider the U(A r ) xU(iV) ABJM theory coupled to the 11-dimensional 3-form and 6-form fields. 
In string theory, the non-Abelian extension of (14. 2 p is given in [7] as 



Sq = n P I Tr ( P 
'p+1 



(n)< 



(4.19) 



where denotes the contraction (interior product) with X 1 . Note that since X 1 is now the N x N 
matrix, is nonzero and given in terms of the commutator of X % . 

For clarity of presentation we treat the terms involving the 3- and 6-form fields separately. 
The reduction to 10-dimension is achieved by breaking the U(iV) xU(A^) gauge symmetry down 
to U(N), and the scalar fields are in the adjoint representation of the unbroken U(iV). Therefore, 
the transverse scalars X 1 introduced in (12.11) can be split into its trace and traceless part as 



X 1 = X 1 + iX 1 = X^T° + iXiT 



r I rrioc 



(4.20) 



where T° and T a (a = 1, N 2 — 1) are the generators of the unbroken XJ(N). Then the covariant 
derivative (12.41) becomes 



D,Y A = D,X A + ib,X A+i + i{A~, X A + zX A+4 }, 
where we used non-Abelian version of (13 .4p and D^X = d^X + i[A£, X]. 



(4.21) 
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Now let us turn on vev for the trace part of Y A as 

Y 4 = ~T° + X 4 + iX\ (4.22) 
2 

and introduce 7 Hermitian scalars fields in the adjoint representation of the U(iV): 

X 4 = X 4 -X 8 , X a = X a -X a+ \ X a+i = X a+i + X\ (a =1,2,3). (4.23) 

In the double scaling limit of infinite vev v and the Chern-Simons level k, the covariant derivative 
(I4.2ip to the leading order in v becomes 

D,Y 4 = D,(X A - X 8 ) + iv[A~ + l(D,(X 8 + X 4 ))] = D,X A + ivA~, 

D^Y a = D„[(X a + iX a ) + z(X a+4 + zX a+4 )] = D„X a + iD^X a+ \ (4.24) 

where we have made a gauge choice where A~ — > A~ — ^D^X 8 + X 4 ). In the same limit, the 
three commutator terms {3q are reduced to 

P a t = V -{[X\ X 4 ] + z[X«+ 4 , X 4 ]), 

(3 ab = V -{[X a , X b ] + i[X a , X 6+4 ] + i[X a+ \ X b ] - [X a+ \ X b+4 ]), 

= V -([X\ X b ] - i[X a , X b+4 ] + i[X a+ \ X b ] + [X a+4 , X b + 4 ]). (4.25) 

4.2.1 3-form fields 

As has been done in the previous subsection, we calculate each term in the WZ-type action (12. 3ft 
in the compactification limit, and identify it with the corresponding WZ-type coupling in type 
IIA string theory. The first term in (12. 3p can simply be identified with the corresponding 3-form 
field in type IIA string theory as 

C^vp = C^yp + C^ up . (4.26) 

Using (14 .24 p . from the second term in (I2.3P we obtain 

C, uA D p Y A + c.c. = C^DfJC + vB^A-, (4.27) 

where we have identified the 3-form fields in M-theory with the R-R and NS-NS form fields in IIA 
string theory as 



C^ v i = C^„4 + C^4, B pu = iiC^vi — C^i)- (4.28) 
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For the remaining terms in (12. 3p the reduction to 10-dimensions seems more subtle. As an 
example let us consider the following particular term: 

m(C, AB D u Y A D p Yl) = (C^)%(D u Y A )t(D p YX (4.29) 

After the symmetry breaking the complex scalar fields and their complex conjugates are all in the 
adjoint representation of the unbroken XJ(N). Therefore, the hatted and unhatted gauge indices 
are indistinguishable so that we may write 

{Tt}(C llAB D w Y A D p Yi) = {C pA§ )^D u Y A Y c {D p Yl) b d . (4.30) 

Based on the Taylor expansion in (12.71) . in the compactification limit, the leading order terms of 
(C pA B) C at are given by 

(C, AS )1 = 5t{C%z)l + 5 c b {Cf AB )i (4.31) 

where and can depend on worldvolume coordinates as well as transverse scalar fieldsjfl 
As a result the WZ-type coupling in (14.301) gives 

{Tr}(C^ AB D„Y A D p Y B ) = Tr(cU B D„Y A D p Yi) + Tr(C^ B D p Y B D„Y A ), (4.32) 

where 'Tr' on the right-hand side represents the ordinary trace of N x N matrices. From the 
WZ-type coupling in (I4.30p . we get the two types of terms in (14.321) and have introduced two 
types of form fields, C^ AB and C^ AB . This is true for the other terms involving both D P Y A and 
D p Y A . However, for the terms involving only D p Y A or only D p Y\, we have only one type of term. 
For instance 

e^{Ti}{C pA BD u Y A D p Y B ) = e^x{cf AB D v Y A D p Y B + Cf AB D p Y B D V Y A ) 

= e^Tr{C%D v Y A D p Y B ), (4.33) 

where Cf AB = 6% - &® A . 

Using this procedure, from the third and the fourth terms in (12. 3p we have 

e^{Tr} {C pAB D u Y A D p Y B + C pAB D u Y A D p Y B ) + (c.c.) (4.34) 
= e^Tr(C^ B D u Y A D p Y B - C%D^ B D p Y A + cf AB D v Y A D p Y B ) + (c.c.) 
= e^Tx{C%D v Y'D p Yl - C%D v Y\D p Y^ + C%D V Y^D P Y^ + C%D v Y'D p Yl 
+ C%D v Y«D p Y\ - Cf al D„YlD p Y a - C%D v YlD p Y' + C^ a D u Y 4 D p Y a 
+ C%D v Y a D p Y' + C^p v Y*D p Yl - Cf al D u Y^D p Y a + C^ b D u Y a D p Y b ) + (c.c). 



5 See Appendix [Al for clarifications. 
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Then we use (I4.24p to replace the covariant derivatives in ( I4.34p . Unlike (I4.27p . this replacement 
does not exactly produce the expected WZ-type coupling in type IIA string theory. In general, 
when we plug (I4.24p into (12. 3p . in addition to the expected 10-dimensional WZ-type couplings, 
it generates some unknown terms in string theory, involving quadratic or higher order in either 
A~ or D P X 4 . To reproduce all the known correct couplings from (I4.34p . we have to impose some 
constraints on the different types of 3-form fields which we have introduced. These constraints 
are obtained by requiring that the NS-NS and R-R form fields obtained from the reduction to 10- 
dimensions should be antisymmetric and the coefficients of the unknown terms involving A~A~ 
and D^X 4 D U X 4 should vanish. In order to get a symmetrized 10-dimensional products we also 
require that the coefficients of A~D y X l and D y X l A~ are equal. From these conditions we obtain 
the following constraints: 

C %B ~ C »bA = C ^ab ~ C TbA' C Tab = C t[ABY (AB = 1,2, 3, 4), (4.35) 

where the notation [AB...] denotes the antisymmetrization of indices. With these constraints 
(I4.34p is reduced to 

e^{Tr}(C pAS D u Y A D p Y^ + C llAB D u Y A D p Y B ) + (c.c.) 

= e^ p Tr(C ptJ D u X l D p X^ +vB p . l ((A^D p X i }}), (4.36) 

where the R-R form fields C^j and the NS-NS form fields are identified as 

r _c)( r {i) , r {i)] r (i) 

n pa +A - *[ypla + <->4a ~ ^ pa l ~ ° M a4 ~~ U Ma _ %4a ) > 

r - _i_ _ _ _l j_ 

<-^4a — <-^4a "I" °/i4a ° M a4 °/ia4 U /rfa "I" <->4a i 

r - i(r^ rrWt ^(3) , n (3)U 

<-^a& - ^foj ' ^^afe <->&a ° M ab <->ab> 

_,-/rrWt r<W r (2) r (2)t , r (3)t ^(su 

<~>a+4&+4 - O^g - + ^ pa l ~ ^ pb a + %a& ~ U ^b' K^- 6 ' ) 

For simplicity we used a short hand notation ((...)) for symmetrized product in ( 14.361) . For instance, 

{(A-D P X% = l - {A~D p X^ + D.X'A-) . (4.38) 
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Next we consider the last two terms in (12 .3p . After the breaking of the gauge symmetry these 
terms can be written as 



e^{Ti}(C ABC D p Y A D u Y B D p Y c + C ABC D p Y A D V Y B D P Y ] C ) + (c.c.) 
= e^i{C A l) BC D p Y A D v Y B D p Y c + Cf BC D p Y A D u Y B D p Y^ - C { A % B D p Y A D p Y B D p Y c 

+ C% ) cA D p Y\D v Y B D p Y c ) + (c.c). 
= e^Tr (cS a D p Y 4 D u Y 4 D p Y a + C^D p Y 4 D v Y a D p Y 4 + C { ^ A D p Y a D v Y 4 D p Y 4 

+ CflD^D v Y A D p Y^ + C^- A DXD u Y a D p Yl + C^D,Y a D y Y A D p Yl 

- C^D,Y A D u YlD p Y a - C$ a D,Y 4 DXD P Y 4 - C^D^D^D.Y 4 
+ C ( ^D p Y^D u Y 4 D p Y a + C^D p YlD v Y a D p Y* + C^D^D^D.Y 4 
+ C^ b D^Y 4 D„Y a D p Y b + C^ b D^Y a D u Y 4 D p Y b + D^Y a D u Y b D p Y 4 
+ dWLD^Djr'Drf + C^D p Y a D u Y 4 D p Y b ^ + C^D p Y a D u Y b D p Y} 

- C^ a D p Y 4 D u Y^D p Y b - C^ Dp Y*D u Y}D p Y b - C^ l D p Y a D u Y b D P Y 4 
+ C^D,YlD u Y a D p Y b + C^D^D v Y 4 D p Y b + C^D^D v Y b D p Y 4 
+ C^ c D p Y a D u Y b D p Y c + C^ 5 D,Y a D v Y b D p Y^ - C { ^D p Y a D^D p Y c 

+ C^D^D u Y b D p Y c ) + (c.c). (4.39) 

In the last step we assumed the terms involving C444 and C444 are vanishing. This is because, as 
we see from (14.241) . those terms give rise to only terms that are quadratic or higher order in A~ 
or D p X 4 , which are not allowed in string theory. 

The next step is to replace the covariant derivatives in (14.391) by using (14.241) . As we did in 
(I4.34p . we require that the R-R and NS-NS form fields which are obtained from the reduction to 
10-dimensions should be antisymmetric in interchange of indices and the coefficients of the un- 
wanted terms involving A~A~D p X a or D p X 4 D v X 4 D p X a vanish. We also impose more conditions 
to produce symmetrized matrix products in 10-dimensions. For instance we require that the co- 
efficients of (A-b u X a D p X b ), (b u X a A-D p X b ), and (b u X a D p X b A-) are equal. The constraints 
from these requirements are 

_ ^(i) r m _ r (2) _ r (3) _ r (3) _ r (4) _ r (A) (A , m 

ABC [ABC]' 1 ^ABC~^[AB]C~^ABC~^[AB]C~^ABC~ ( - / [AB]C- {WJ) 

With these constraints we get 

e^{Tr} {C ABC D P Y A D U Y B D P Y C + C ABC D,Y A D u Y B D p Yt) + (c.c.) 
= e^i(vB l3 iA-b v X l b p Xi)) + C ijk D„X i D v X*D p X k ), (4.41) 
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where 



B aA - -3i (C^ 4 - ) , B 4a +4 - -3 (C^ + C^) , 

R _q-/ r (l) ^(l)t ^(4) , r (4)f ^(4) ^(4)f ^(4) ,^(4)t\ 

-Da+4b+4 - -M\y a b4 ~ U ab4 ~ U abi ~+~ °a&4 ~~ °Ma + U b4a + ° a 4b ~ U a4b J' 

O a4 {,+4 - -<3^a64 ~ °a&4 + °af>4 _ °afe4 + °b4a ~ °64a + ° a 4b ~~ U a4b J> 

/=< _ o^(l), /nWt, r (4) , r (4)f r (4) „(4)f ~(4) ~(4)f\ 

°4a+4fe+4 - -«3^0 a64 + U ab4 + O af)4 + Qb4 - U Ms - O fc4s + O a45 + J , 

'-'abc — <-^ a f> c + '-'abc + '-'ahg + °afec — U a cb ~ U acb + U bca ~+~ °f>ca ) 

r -i(r^ r (4), r (4)1 r (4) r (4)i r (4) r (4)U 

Wbc+4 — I {^abc ~ U abc ~ U abc U abc ~ U a cb + ac& + U bca ~ U bca ) ' 

r - (r^ -i_ rfWt r^( 4 ) r»( 4 )t . r<( 4 ) _l r^t _u r^( 4 ) _u ^( 4 ^^ 

^a6+4c+4 — - ^ a6c + ^ abc ~ ^ a bc ~ U abc + ^acb + °acb + U bca '-"hca j > 

^a+4b+4c+4 - - l \y a bc ~ U abc ~ U abc + °afec + U ac fe ~ ° ac 6 _ °fcca + U bca ) ■ V± Al ) 

Inserting (OTjl . fl436l) . and fOT]) into 0, we obtain 

+ ^(^DpX*))) + X^C^D.X'DvXWpX* + vBij^A'DvX* D p X j ))) \ . (4.43) 



On the other hand, after compactification the bosonic part of the original U(A r ) xU(iV) ABJM 
action is given by 

y rf 3 xTr( - D^D^X 1 - v 2 A~A-» + A e^M;F, p - V bos ) + O(i), (4.44) 

where = (9 M A+ — + A+] and Vb os is the reduction of the sextic potential of ABJM 
theory. As we shall discuss in the next subsection, in the reduction of the 6-form coupling ^In- 
dependent terms are absent. Therefore, solving the equation of motion for A~ from (I4.43P and 
(T4T44j) gives 



where 



P^] = ^(P^ + XiB^DvX')) + y ((BijD^X'DpX^y (4.46) 
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Finally, inserting (I4.45P into the equations (I4.43P and (I4.44p and rescaling the scalar field as 
X % — > we obtain the following 10-dimensional action, 



1 d 3 x< 


f i r 







+ y/ up (Cpu P + 3\Cp Ui D p X l + 3\ 2 C llij D v X i b l> X i + \ 3 C ijk D„X i D v X i D p X k ) j . (4.47) 

Here we notice that in addition to the natural couplings of the D2-brane to the R-R 3-form fields in 
type IIA string theory, our WZ-type coupling (12. 3p for the 3-form fields also produces the coupling 
between F pv and B pv in the linearized non-Abelian DBI action for D2-branes. 

4.2.2 6-form fields 

In this subsection we discuss the coupling to the 6-form fields in the action (12. 8p . Later we will 
show that the dimensionless parameter r we introduced in (I2.8P is proportional to 1/k. Therefore, 
in the doubling scaling limit v, k — > oo with fixed v/k, only the terms of order v or higher are 
nonvanishing in the 6-form field action. To the leading order of v, the first term in (12. 8 j) is reduced 
to 

e^{Tr}(C^ pAB c (3 A C B ) + (c.c.) = vie^Ti{C » vpij [X\ X% (4.48) 

where we identified the R-R 5-form fields Cpupij as 

i 1 

Cp Upa 4 = —-^{CpupaAi ~ ^ixupoM^ Cp Up i a +A = ~ ^{C ' pu pa 4A + ^\ vpa A^^ 
Cp U pab = —-^{Cpypaib ~~ C pvpaAb ~ ^l^pMS. + Cju/pMa + ^pvpabl ~ ^upabl) ' 
Cpupab+i = —-^{Cpupaib + + Cpyptea + C^pMa _ ^pupabl ~ ^Lpa&i)' 



- DpXW^ - \ [Fp V + ip[Bp U ]) + \[X\ Pf 



Cpupa+ib+i— -^{pnvpaAb ^p U paib ^^pUa + C}ivpb4a ^^paM + ^lupabi) ' (4.49) 

For the same reason as in the paragraph below (14.391) . here also we have dropped the terms 
involving 6*^444. We note the fact that C^ upAB c are antisymmetric among the unbar indices 
CpvpABC = Cp Up[AB ]c is enough to antisymmetrize Cp Vpi5 . 

Next we consider the A-order terms in (12. 8p . After the breaking of the gauge symmetry these 
terms can be written as 

e^{Tr}(Cp vABc5 DpY A ^ + C^^DpY^E) + (c.c.) 

- 6 1 - I \ L 'puABCD JJ P r P D ' ^pvABCDP D U P Y + pi/ABCD P C' D 

+ C^ABcnP A cDpY D ) + {c. C .). (4.50) 
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Keeping only the terms of order v or higher and dropping the terms involving 6^4444, 6^4444, 
C^o444) C^a^i, ■■■ according to the logic in ( 14.481) . we have 

e^{Tr}(C puABcD D p Y A ^ + C^ABODDpY&ffi) + (c.c.) 

+ C { Xu D P Y^ a t + C { X aa D P Y c n + 2C^ am ^D p Y b 
+ KL^ D P Y4 + ^^J^D^ + <l 4 4/3t^P^ 4 
+ C% abc -^D P Y C + Tti^Drfp* + ZCf uaAll D p Yl^ b 

+ 2^43-/1^^ + KLu^ D P Yl + 2C^^D p Yl 

+ cVnrtDtf + C^-^lDX) + (c.c.) . (4.51) 

These terms should produce the coupling of R-R 5-form fields to D2-branes, however substitution of 
(I4.24p and (I4.25P into (I4.5ip simultaneously produces unwanted terms. To eliminate the unwanted 
terms, we will follow the same diagnoses as in the case of 3-form coupling. Specifically, we require 
that the R-R 5-form field is totally antisymmetric and the coefficients of the unwanted terms 
set to be zero. We also require that the products of D p X l and [X 7 , X k ] are symmetrized. For 
instance, the coefficients of D P X % \X\ X k ] and [X^ , X k ]D p X l terms are identified. In general, the 
6-form fields C^\C^ 2 \C^ 3 \ and introduced in (I4.50p . are not necessarily antisymmetric in 
the global indices. However, in order to match the degrees of freedom, we can consistently impose 
antisymmetric property on some of 6-form fields. In particular, we assign the antisymmetric 
property in the global indices a, b, c to the following 6-form fields, 

r W ^(2) r (2) r (2) 

Ly /ji/b[a4]4' °/xi/4a64' ^ p,vabc^ °^i/[a4]b4' /jya644' ° P vabcA 

r (3) r (3) ^(3) ^(4) ^(4) r {4) ^ 

/«/[a4]b4' °/^i/ab44' ° /luabc^ /xi/[a4]4fe' °^afe44' ^Vi/aMc' V^- ^) 

where [a4] denotes antisymmetric in interchange of a and 4. Taking these constraints into account, 
we obtain the following conditions for the remaining 6-form fields: 



c (1) 

fiu4abA 


_ r m 

^fj,uabA4 


r (3) 
^fiuab44 


r (4) 
^Huab44> 


C (3) - = 

/^i/a4M 


C (4) - = - 

//;/a446 


-C m - 


livabAA 


° Livaibi 


3 r (4) 

^ puvab44 


u lr (4)t - 


c (2) 


, r (3)t 

' ^fivb44a " 


= 2^ (4) U 

/xi^a44fe 


/iv&aAb 


- 2C [A) 

^tiuaUb 


r (4)t 
^fiubAM 


c {1) 

' fii/abc4 


= c {2) 

[ivabcA' 


C (3) - = 

^i/a6c4 


= C (4) - 
livab&c'' 


r (l) 
fiuabic 


+ c { \b- = 


fiuaibc 


- c (3) \b- = 


2 fiuabcA 


4--C* (4) 

2 p.vabA:C 





(4.53) 
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Using the conditions in (I4.52p and (14.53)) . we get 



e^ p {Tr}(C IJillABCD DpY A /3 B D + C ^ vABCD D P Y^(5 A ^) + (c.c.) 

>Tr(C^ jk (([X i ,X*]D p X k ))), (4.54) 



= vie^ 

where we have identified the R-R 5-form fields as 

«^i/a&4 'rpoi* ju/a44& ^ pvabAA) i ^ p,vaAb+A * nvabAA ^~ ^ nvabAAj > 

r -i(r { ^ -Ar^ _ r (4)t ^ r - -oilr^ _ r (4)t ^ 

^puAa+Ab+A l \y l j, ll abU ^ tiuaAAb p,uabAA) ' ^(tvabc * l \y pua bAc ° /xuaHc) ' 

r» - r (2) 4. r (2)t 4- r (4) 4- r (4)t 

r -i(r<® -r^ -r^ ,M A ^ \ 

^ livab+Ac+A l \^ pU abcA ^ fivabcA ^ nvabAc^ ^ iivabAc) i 

C pva +Ab+Ac+A = 2 (C^aMc + C /tlbic) ' ( 4 - 55 ) 

The next step is to consider the reduction of the A 2 -order couplings in (12. SJ) . After the break- 
down of the gauge symmetry, keeping only terms which are leading order in v, we can write these 
couplings as 

e^{Tr}(C pABCDE D„Y A D p Y B (3 c E D + C pABcDE D u Y A D p Y^ B E c 
+ C pAB cDEDuycDpY D f3 A E ) + (c.c.) 
_ Aivpry r (r<W n v A R BC n v D 4- n v A R BC r> 

- 6 ir l C ' ti ABCDE LJvY P E U P Y + Lj ^ABCDE JJ v 1 P D U P Y E 

+ C vabcde D » Y dP A e D p Y ° + c Iabcde D » Y cP A d d p y e) + ( c - c 

+ (permutations), (4.56) 

where 'permutations' represents the terms which can be obtained by interchanging j3 AB and co- 
variant derivatives. Since the terms which are obtained by the permutations do not mix with 
DY f3DY terms, we will explicitly calculate only DY/3DY terms and then symmetrize the final 
results. 

As we did previously, we keep only terms of order v or higher and also drop terms involving 
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6-form fields such as C pa bAAA } (7^4444, 6^44444. Then we obtain 

nvprri/fiW 7-) y a r bc d v D 4- n y a r bc f> 

6 lr l C uABCDE UvY PE U P Y aABCDE u P D U P Y E 



pABCDE v r E ^P* 1 pABCDE 
C pABCDE D » Y bP A E D P Y ° + C ^ABCDE D " Y cP A D D P Y e) + ( CX 



^ p nKL^ Yb ^D P Y c + 2C^D U Y^D P Y* + 2C^ cl D v Y^^D p Y c 
+ 2C^- h D w Y c ^D p Y d + C« ha D v Y c ^\D p Y' + C^ c4 D,r 4 /3tD p :r 



+ ^X&p^^ d ^ + ^S^^t^^i + d^^/^M 

+ d^J^ftVpYl + CQ^^D.YJ + 2C^D v YlFiD p Y° 
+ ZC^DrfPiDrY' + 2d^D v YlfrtD p Y° + Td^D^D^ 
+ ^iai^c^l^ 4 + CQ^D^^D^ + C^jD^^y- 
+ rfLa D rtrt D ri + Kam- c D ^^DpY c ^ + 2C^ ai p v YlnD P Yl 

Following the argument in paragraph after (14.511) we impose antisymmetric property to the 
global indices, a, 6, c, d, for the following 6-form fields, 

r {l) r {1) r (2) r (2) r (2) r (3) r (3) 

/icab44' °/ic[a4]b4' °/i4abc4' /ucai>44' °£t6[a4]4c' °/i4ab4c' ^ pabcAA' ^ pabAcAi 
r (3) r (4) r (4) r (4) r (l) ^(2) ^(3) r (4) > R x 

°/4a4]bc4' C >abc44' ^ pabAAc' ^/i[a4]64c' pcabdA' ° pcabAd' pabdcA' ° pabcAd' V^' JO / 

With theses constraints the remaining 6-form fields satisfy: 

r (3) = -r (2) = = 

^ pabcAA ^ pcabAA ^ pAabcA ° pcabAA' 

r W _ r (3)t _^( 2 )t = 9r t(l) _ o^(l) 

paAbAc ^ paAbcA ^ pbaAAc ^ pcabAA 00 pcaAbA' 

r (4) = -r (4) = r (3) = -r (2) = _^r (1)t + 4r (1)t 

° pabcAA ^ pabAAc ^ pabAcA ^ pAabAc 00 pcabAA ' ° pcaAbA' 

r (2) _ r (2)t _ ^(4) _ r (l)t = ^(3) _ r (3)f 
pAaAbc pabAcA paAAbc pabAAc ^paAAbc pcAbAa 

r (4) _ r (i)t _4r (1) 4- 

paAbcA ^pAcAba ^pcabAA UU Vca4b4' 

^(3) _ = C r(3)t _ _ _ C <(2) __ = _^(2)t__ 
pabdcA pabdcA pcabAd pcabAd" 1 

c (2) _ _ c (2)j _ = _ c (3) _ £,(3)t _ = 1^(1) _ _ I^Mt _ 
pbaAcd pbcAad pdAabc pcAbdd A pcabdA ^ pcabdA' 

C {4) --= --C {1) - - -C (1)t - 

pabcAd g pcabdA g pcabdA'' 

^ pa Abed ^ pdcAab pcabAd' (4.59) 
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Under these conditions ( I4.57P is reduced to 

p^vpry i 7-j Y A R BC n v D 4- n v A R BC r> 

6 \ /J.ABCDE u PE U P Y ' pABCDE v P D U P Y E 

+ C p1bcde D » Y dP A e D p Y ° + C Iabcde D ^ Y c^ A d D p Y e) + ( c - c 

= vie'" ,/p Tr(C flijkl D 1/ X i [X\ X k ]D p X l ), (4.60) 

where we identified the R-R 5-form fields as 

Cpabai = — 2*(3C^ 3b4 — 3C^ M2 — 4(7^454 + ^IcLbi)^ 

r — o(rW -or^ _ ort^t ^ 

^pabAc+A — ^y^ncabM ° pcabAA ZO pcaAbA ^ pcaAbA) ' 

r -_9,-frW _rW t _9rW -uQr-Wt ^ 

^paAb+Ac+A — LL V^ pcabAA ^pcabAA ^ pcaAbA ^ ZL> pcaAbA) ' 

C' M 4a+4b+4 C +4 = 2 (36^^ + 3(7^^ - 4(7^^ - 4(7^^) , 



<^a&cd+4 g V°/icaM4 ^ ^ pcabdA ~T~ UO pcabAd) ' 



<-^a&e+4d+4 2 V^pcabdA u pcabdA) ' 
1 

g \^ pcabdA 1 ^pcabdA pcabAd 



C 'pab+Ac+Ad+A - ~o( C pcabdA + ^ucaLi _ ^ici^d) ' ( 4 " 61 ) 



Finally, including the 'permutations' terms in (I4.56P and identifying the R-R 5-form fields for 
all the terms related by permutation of the anticommutator [X*, X J ] and the covariant derivative 
D^X k , we obtain the following symmetrized result, 

^p^lM 1 ) n V A R BC D V D A- D Y A R BC T) vt _i_ r<( 3 ) n R AB T) Y c 

6 \ pABCDE u PE U P 1 +Ly pABCDE Uvl P D U P 1 E + U pABCDE Uvl dP E u P 1 

+ Cf ABCm D v Y^ A ED p Y'£) + (c.c.) + (permutations) 
= vie^^{C mu i[X\ Xi]D v X k D p X 1 ))). (4.62) 

It remains to carry out the dimensional reduction of the A 3 -order terms in 02 .8p . Due to a 
huge number of possible terms, for this order we could not be able to carry out the reduction 
procedure. However, looking at the results for the A and A 2 -order terms, we can easily expect 
that in the compactification limit the A 3 -order terms will produce the following 10-dimensional 
WZ-type coupling, 



vie» v OTr(C mm (([X\ Xl]b l JC k b v X l D p X m ))). (4.63) 

The relations between the R-R 5 form Cijkim and the 6-form fields need explicit calculation. 

Substituting the relations fl448|) . (034}, (1462]) . and (1463]) into the 6-form field coupling (l2~8l) 
and choosing the dimensionless parameter r as —ir/k, we obtain the expected WZ-type coupling 
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for R-R 5-form fields in type IIA string theory, 

+ 3i\ 2 C^ kl ((iX\ Xi]D v X k D p X 1 )) + i~\*C l3klm i[X\ P}b^ h b v X l b,>X m ))) . (4.64) 

5 Comments on Mass Deformations 

The supersymmetry preserving mass deformation of the ABJM theory was introduced in Refs. [2TJ 
[22] . There are several methods to obtain the mass-deformed ABJM theory, such as M = 1 
superfield formalism [21], D-term and F-term deformations in M = 2 superfield formalism [22]. 
These different versions of mass-deformed ABJM theory are equivalent since they are connected 
by field redefinitions [23]. A different intriguing question is to identify possible source of the 
supersymmetry preserving mass deformation. In this section we will address this question for the 
quartic mass deformation. 

The quadratic and quartic terms of the mass deformation are given by 

S, = fi 2 J d 3 xTr(Y A Yl) + ^ j d 3 xTr{M B c Y A YlY B Y^ - M B C Y A Y A Y B Y C ) , (5.1) 

where M A = diag(l, 1,-1,-1). In our present conventions these deformations can be written as 

S, = /i 2 | d 3 xTr(Y A Y\) - d"xTr(T ABCD Y^ A c B ) + (c.c), (5.2) 

where T ab qq = M A D 5 B — M B D 5 A C . With an appropriate choice of the 6-form field, it is possible to 
identify the quartic mass deformation action in (I5.2p with part of our WZ-type coupling in (12. 8p . 
To that end let us consider the first term@ in (12. 8ft . 

4 6) = ^ / d " x ^ UPT rK»pABcP A c ) + (cc), (5.3) 

where for this term the {Tr} in (12. 8p is equivalent to ordinary trace. In order to identify the 
quartic mass deformation with (15.31) the 6-form field should take the following structure, 

C^pABC = -J^ e ^P T ABCD Y D' C \vpABC = ~J^ e ^P T ABCD YD - ( 5 ' 4 ) 



4 In [IT] , the authors considered the second and the third terms in (|2.8p instead of the first term. This is just a 
different choice of gauge, which results in the same constant field strength. 
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Since T ABCD . is real, the constant 7-form field strength corresponding to both these 6-form fields 
are the same, 

F^pABCD = F l upA BCD = ~ ~y^ e ^ P T ABC D ■ (5-5) 

In the eight-dimensional transverse space this can be viewed as turning on a constant (anti)-self 
dual 4-form field strength, 

Fabcd — ~ T ab qd- (5.6) 

Therefore, in order to get the supersymmetry preserving quartic mass deformation of the ABJM 
theory we need to turn on the constant 4-form field strengths in ( 15. 6ft in the direction transverse to 
the stack of parallel multiple M2-branes|f| This is in accordance with Refs. [2U |25l [TTJ [26], which 
state that the mass-deformed ABJM action comes from a background (anti)self dual 4-form flux in 
the eight-dimensional transverse space. The quadratic mass-deformed term in (15.21) is originated 
from the backreaction of the background metric in the presence of the 4-form flux 



6 Conclusion and Discussion 

In this work we discussed the coupling of multiple M2-branes to the background 3- and 6-form 
fields in 11- dimensional supergravity. We proposed a general gauge- invariant WZ-type coupling 
in the ABJM theory with U(iV) xU(iV) gauge group. The fundamental building blocks of the 
coupling are the 3- and 6-form gauge fields, the covariant derivative D^Y , the 3-commutator 
A q, and their complex conjugates. We assumed that the form fields depend on the transverse 
scalars Y A and their complex conjugates. Therefore, the form fields carry gauge indices according 
to their dependence on Y A and Y\ to guarantee gauge invariance which allows both single and 
multi traces. Since the multi-trace terms after the MP Higgsing cannot be identified with any 
WZ-type couplings in type IIA string theory, we did not include those terms from the beginning. 
We tested our proposal for the WZ-type coupling through several consistency checks. 

We compared our WZ-type coupling with the known coupling for a single M2-brane. In this 
case the gauge group is U(l)xU(l). We showed that our coupling completely matches the well 
known effective action of a single M2-brane coupled to 3-form fields. Then we carried out the MP 
Higgsing procedure for our WZ-type coupling including the bosonic part of the original ABJM 
action with XJ(N)xU(N) gauge symmetry. We obtained the symmetrized WZ-type coupling for 
the R-R 3- and 5- form fields with the gauge field strength turned off [7]. The MP Higgsing 

5 Turning on the other components of the form fields will break the supersymmetry, partially or totally. 
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procedure alone is not enough to reproduce all the expected WZ-type couplings in type IIA string 
theory. Therefore, we imposed some constraints on the 11-dimensional form fields, in order 

• to make the 10-dimensional form fields antisymmetric, 

• to obtain a 10-dimensional WZ-type coupling which is symmetrized with respect to inter- 
change of the covariant derivatives (D^X 1 ) and the commutators ([X-* ,X k ]), and 

• to make disappear quadratic terms in the auxiliary gauge field A~ in 3-form coupling and 
linear terms in A~ in 6-form coupling, which are absent in WZ-type coupling in type IIA 
string theory. 

We have also showed that, in addition to the WZ-type coupling for the R-R 3- and 5- form fields, 
the reduction procedure also produces correctly the linearized version of DBI action for the gauge 
field strength of the dynamical gauge field and the NS-NS 2-form field B^ u . Finally, we 
tested the validity of our proposal by establishing the relation between the WZ-type coupling for 
the 6-form field and the supersymmetry preserving quartic term of the mass-deformed action in 
ABJM theory with U(iV) xU(iV) gauge symmetry. 

A few comments about our construction are in order. Though the 10-dimensional WZ-type 
coupling is restricted to the linear terms in form fields, it contains an exponential form of the 
coupling of the NS-NS 2-form field. Since the NS-NS 2-form field comes from compactification of 
the 3-form field in M-theory, it seems natural to include nonlinear terms which deserves further 
investigations. In addition to the fundamental building blocks of our WZ-type coupling listed 
above, we can add gauge field strengths for A^ and A^ and the monopole operator, which changes 
bifundamental representation to antibifundamental and vice versa for k — 1,2 [27]. With these 
extensions we may include extra gauge-invariant terms to our WZ-type couplings. 
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A Comments on Single Trace Terms 



In our construction of the WZ-type actions in (12.31) and (12. 8p the 3- and 6-form fields are arbitrary 
functions of the transverse complex scalar fields except that every term in the actions 

• should contain equal number of bifundamental and antibifundamental fields to guarantee 
gauge invar iance, 

• and should be single trace. 

After the MP Higgsing procedure, this arbitrariness results in terms which are absent in the known 
WZ-type action of in type IIA string theory. In this appendix we shall show how to overcome 
this problem by imposing more constraints on the functional dependence of the form fields on the 
complex scalar fields. 

Let us consider the following term in (12. 3p . 

{Tv}{C^ AB D u Y A D p Yl). (A.l) 

For clear presentation we drop the worldvolume and global indices from now on. Imposing the 
single traceness constraint on ( lA.lj) we have 

{Tr} (CDYDY^) = C^(DY)l(DY ] )\ = Ti{HDY A IDY r ), (A.2) 

where C a ~ = H?I^, and both H and / should depend on the transverse scalar fields to guarantee 

ab b a 

the U(./V) xU(7V) gauge invariance. If we turn on the vev for the scalar fields, Y A — > |<5 A4 + Y , 
it breaks the U(N)x\](N) gauge symmetry to a U(A r ) and then both the bifundamental and 
antibifundamental fields follow adjoint representation. For those adjoint fields the indices a, b, ■ ■ ■ 
and a,b, - ■ ■ are indistinguishable so that the matrices H and / are expressed as 

H\ = h 6 a b + h x Y\ + h 2 (YY)\ + ■■■ , 

I\ = i Q 8 a b + hY% + i 2 (YY)\ + ■ • • , (A.3) 

where hi and ii are the coefficients which can depend on the parameters v , k, and lp, and Y is 
either Y or Y^ . Substituting (IA.3I) in (1A.2|) . we have 

Ti(HDY A IDY j ) = Ti(C {1) DYDY j + C m DY^ DY + UDYZDY^) , (A.4) 

where 

C« = (h + h l Y + h 2 YY+---)i , 
C {2) = (io + hY + i 2 YY + ---)ho, 
U = h l Y + h 2 YY + ■•• , 

l = i 1 Y + i 2 YY + ■■■ . (A.5) 
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In our reduction procedure in section H] we have dropped the last term in flA.4j) . This is justified if 
we restrict the form fields in string theory be at most linear in the scalar fields. In generic setup 
we can realize the last term in ( 1A.4I) can appear. Therefore, in order to reproduce the known 
WZ-type coupling with arbitrary dependence on the transverse scalars in type IIA string theory, 
we should find an appropriate condition on the form field couplings in M-theory to forbid the last 
term in (1A.4|) and all the other terms of this kind. 
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